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Abstract
Our first goal in this work is to study general and model-independent
properties of cyclic cosmologies. The large number of studies of bounc-
ing cosmologies and different cyclic scenarios published recently calls for
a proper understanding of the universal properties of cyclic models. We
thus first review and further elaborate the common physical and geomet-
rical properties of various classes of cyclic models and then discuss how
cyclic Universe can be treated as a dynamic system. We then discuss how
two theorems from dynamic systems analysis can be used to ensure the
existence of cyclic cosmological solutions under certain conditions on the
field equations. After this we proceed towards our second goal which is
the application of the obtained results to different frameworks of modified
gravity theories: f(R) gravity, dynamic dark energy and f(T ) gravity.
We discuss the general requirements for the existence of cyclic solutions
in these theories and also obtain various examples of cyclic cosmologies,
while discussing their basic properties.
1 Introduction
The idea that our Universe had an origin in the primordial singularity, usu-
ally denoted as the big-bang, is widely accepted both in the physical commu-
nity, philosophy of science and popular science [1, 2, 3, 4, 5]. However, this
claim is lacking any empirical confirmation as well as any convincing theoreti-
cal justification. It is true that various independent observations, such as the
abundances of chemical elements, growth of cosmological perturbations and mi-
crowave background measurements [6] are all consistent with the idea that the
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Universe evolved from an earlier state characterized by high temperatures and
densities. However, such picture, also commonly called "the big-bang hypothe-
sis" – an ambiguity which further supports the confusion over the scientifically
established opinion regarding the origin of the Universe, is in no way related
to the question of the beginning of the Universe. This is due to the fact that
the Universe can be evolving and changing its temperature, composition and
properties even if it has no beginning or end. In the same sense, the fact that
the Universe is expanding does not necessarily imply that the Universe needed
to emerge from a single point, since it could as well be the case that the current
state of expansion emerged from some earlier state of contraction, and not from
a singular beginning. On the other hand, a stronger reason for the physical
existence of the big bang singularity is given by the singularity theorems of
Hawking – which show that, under the assumption of validity of general relativ-
ity and validity of the usual energy conditions for the matter-energy, there will
always be geodesics which are geodesically incomplete, i.e. singularities neces-
sarily need to appear on such spacetimes [7, 8, 9]. But any direct application
of these results to the early physics of our Universe is not justified, since it is
precisely in this regime that we should assume that Einstein’s general relativity
will become invalid due to the quantum gravity effects. In fact, it is a well
known result that even some very simple modifications of the field equations
of general relativity – which could effectively model the quantum corrections –
lead to non-singular solutions in which the big-bang is replaced with a bounce: a
transition from an earlier phase of contraction to the expansion of the Universe
[10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Therefore, everything that can
actually be stated at this point is only that the early history of the Universe is
still not known and that there are no actual reasons to assume that the Universe
originated from a primordial singularity. Furthermore, such a sudden creation
of something from nothingness would lead to familiar philosophical problems
of creation ex nihilo, and it would imply that the Universe essentially cannot
be described by physics – contrary to what has been proven by the develop-
ment of science so far – since at that point all the equations diverge. There
are further reasons to suspect that Einstein’s general relativity might perhaps
not be a proper description of gravity even at energies much smaller than the
ones characteristic for the Planck scale. The problem of the missing mass and
missing energy density with negative pressure, which is stressed by many in-
dependent astrophysical and cosmological observations [22, 23, 24, 25, 26, 27],
is still neither solved nor properly understood after many decades of dedicated
research. It is possible that these effects are not caused by some yet unobserved
forms of matter and energy (called "dark matter" and "dark energy"), but are
the consequence of incomplete validity of the equations of general relativity.
For the stated reasons it is necessary to discuss physically viable models of
the Universe which are free from the initial singularity, even if the proper the-
ory of quantum gravity is still not known. In this respect it is natural to put a
special emphasis on such theories which represent mathematical generalizations
of general relativity, while keeping its fundamental physical principles preserved
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– for such theories represent the most conservative first steps towards the new
theory of gravity, and in the same time enable us to effectively introduce quan-
tum corrections. We have already stated that different theories of such type can
lead to a cosmological bounce. However, the bouncing picture does not describe
the full evolution of the Universe, but just its transition from contraction to
expansion – and the question remains how did the Universe reach that state
of contraction before the bounce. To say that the Universe simply started its
existence and contraction from a special value of the scale factor leads to simi-
lar problems as the big-bang idea, and this does not answer the question which
type of mechanism would actually cause its beginning in such a state. These
issues are simply solved in the cyclic cosmology framework. In this paradigm,
after the expanding phase which follows the bounce, the Universe undergoes
a turnaround – a transition from the expansion to contraction, subsequently
leading to a new bounce and beginning of a new cycle. Since it is now known
that the Universe is dynamic, the only consistent alternative to the idea of the
Universe that had a beginning is the eternal Universe which undergoes an infi-
nite number of phases of contraction and expansion. This type of cosmological
scenario has many logical and physical advantages since it gives the natural and
continuous evolution of the Universe without singularities, while in the same
time solving additional problems such as the horizon problem (since the cor-
relation between spacetime points can now be naturally established during the
previous contraction cycle), and even the magnetogenesis problem, without any
further assumptions and new theoretical ingredients [28].
During the years many different models of cyclic cosmology were developed
[29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41]. We have also recently pro-
posed a rather general approach to cyclic cosmology, supported by the quantum
inspired higher order curvature corrections to the standard Lagrangian of gen-
eral relativity [42]. The problem is that all of the models need to assume some
specific framework of modified/alternative theory of gravity. Moreover, many
of them often use additional theoretical constructions to support the cyclical
evolution (such as scalar fields and their couplings with gravitational sector,
specific functional forms etc.) which mostly do not have any other theoreti-
cal justification or motivation, not to mention the empirical evidence. Thus
the speculative assumptions taken in particular approaches considerably differ
among each other, and the results obtained are therefore quite specific and to a
high degree dependent on a chosen framework. Since we still don’t know which,
if any, of the alternative gravity models is preferred by Nature, it is very difficult
to say which of the cyclic scenarios would properly describe the Universe in the
case if it is indeed cyclic.
The aim of this work will therefore be, for the first time according to our knowl-
edge, to discuss general and model-independent properties of cyclic cosmologies.
After proposing a simple mathematical framework suitable to describe different
cyclic cosmological solutions, we obtain general results characterizing dynamic
properties of cyclic cosmologies and then apply the obtained results to some
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concrete examples. We will particularly focus on more general frameworks,
which can furthermore be motivated as effective approaches to quantum gravity
– such as dynamic dark energy, f(R) and f(T ) gravity. We show that cyclic
solutions naturally appear in all such theories of modified gravity if the certain
mathematical conditions – depending on the details of the field equations of the
considered theory – are satisfied.
This paper is organized as follows: in section II. we analyse general proper-
ties of cyclic cosmologies – first by discussing the general geometrical properties
of cyclic models in 2.1, and then approaching the cyclic universe as a dynamic
system in subsection 2.2. In this subsection we introduce two general claims
regarding the existence of cyclic solutions which are coming as a consequence
of two important theorems regarding the existence of non-linear centers. In III.
we study the application of the results obtained in II. to the case of modified
f(R) gravity, where we obtain some general properties of oscillatory solutions
and also consider the specific example obtained by a reconstruction procedure.
In IV. we discuss cyclic cosmological solutions that can be obtained in certain
classes of dynamic dark energy models. Various necessary conditions for the
realization of cyclic cosmologies in this context are discussed, as well as some
concrete realizations. Finally, in V. we investigate the conditions for realization
of cyclic cosmologies in f(T ) gravity. We show that cyclic solutions are possible
due to the double-valued nature of the dependence between the scale factor and
the Hubble parameter and analyse their dynamic properties in detail.
2 General properties of cyclic cosmologies
2.1 Spacetime geometry of cyclic cosmologies
In order to physically describe the eternal oscillating universe we assume the
standard picture of the Universe as homogeneous and isotropic and given by the
FLRW line element in spherical coordinates:
ds2 = −dt2 + a(t)2
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
]
, (1)
where a(t) is the scale factor and k = ±1 describes the spatial curvature – with
k = +1 corresponding to positive spatial curvature, k = −1 negative curvature
and k = 0 leading to local flat space. In this work we concentrate on the flat
Universe, k = 0, since it appears to be favored by observations [43]. The content
of the Universe is described as a perfect-fluid with the energy-momentum tensor:
Tµν = (ρ+ p)uµuν + pgµν , (2)
where ρ is the density, p is the pressure, uµ is the four-velocity which satisfies
uµu
µ = −1. It is moreover assumed that the pressures and densities are related
by the equation of state parameter, w, such that p = wρ. The energy momentum
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conservation:
∇µTµν = 0, (3)
gives the equation for the change in the energy density:
ρ˙+ 3H(t)(ρ+ p) = 0, (4)
where the dot is the time derivative and H(t) = a˙a is the Hubble parameter.
To study the evolution of cyclic models in general we propose to use the config-
uration space consisting of the following cosmological parameters: a - giving the
evolution of the physical distance between spatial points in dynamic Universe, H
describing the rate of expansion or contraction, and the Ricci curvature scalar,
R, describing the curvature of the spacetime. The value of R also describes
the physical regime under study, since for high curvatures corresponding to the
strong gravitational fields we expect that the proper theory of gravity depar-
tures from Einstein’s general relativity due to quantum effects. We demand that
in cyclic models these parameters, containing the full geometrical description of
the Universe, always remain finite and well defined. For this to be possible the
field equations of general relativity,Rµν − (1/2)Rgµν = 8piGTµν + λgµν (with λ
being the cosmological constant) need to be modified for strong gravitational
fields as the result of quantum gravity corrections. From (1) it then follows that
the equations describing the Universe as an autonomous dynamic system in the
space of parameters a, R, H are:
a˙ = aH (5)
H˙ =
1
6
[R− 12H2] (6)
R˙ = g(a,H,R), (7)
where g(a,H,R) is some function given by the concrete theoretical framework in
which the field equations of general relativity are modified. The only restrictive
condition we take is that the alternative theory of gravity leads to the equation
of the form (7), which will indeed be satisfied for a large group of theories. In
order that all quantities stay well defined in the cyclic universe, the scale factor
needs to change from a(t) = amin > 0 to a(t) = amax, while the trajectories
representing the evolution of the system need to be periodic – and thus given
by closed orbits in the configuration space. An example of such cyclic universe
is given in Fig 1.
The two essential points in the cyclic cosmologies are the bounce – where the
contraction of the later stage of the previous cycle is turned into the expan-
sion in the new cycle, and the turnaround – where the Universe enters from
the expanding to the contracting phase. Both of the points are characterized
by H = 0. While in arbitrary cyclic cosmologies the number of such points,
corresponding to transitions between expansion and contractions, could be ar-
bitrary high, we restrict ourselves to the simplest case where there is exactly one
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Figure 1: An example of cyclic universe in the configuration space given by
the scale factor, the Hubble parameter and the Ricci curvature scalar. The
arrows show the direction of the evolution of the Universe. The dotted line,
corresponding to H = 0, connects the bounce and the turnaround point of the
cosmological evolution
bouncing and exactly one turnaround point. In this case, the line connecting
those points and corresponding to H = 0 (the dotted line in Fig.1) defines a
plane which separates all the points on the trajectory in this configuration space
to the ones corresponding to either expanding (H > 0) or contracting (H < 0)
phase. It then also follows that the bouncing point corresponds to amin, while
the turnaround point corresponds to amax. Since in Einstein’s general relativity
the bounce is replaced by a curvature singularity it is natural to infer that in
cyclic models the value of the Ricci scalar would approach its maximum around
the bounce. Since at the bounce H˙ > 0 from (6) it follows that this value needs
to be positive. If the maximum of R is indeed reached during the bounce then
it also follows that at the bounce point H¨ = 0. The evolution of cyclic uni-
verse in general looks as follows. Every new cycle in the infinite history of the
Universe begins from a high-curvature phase of cosmological bounce at which
R = Rbounce > 0, H = 0 and a = amin. The bounce is then followed by a
phase in which H˙ > 0, a˙ > 0 and R˙ < 0. The viable models of cyclic cosmology
also need to subsequently lead to such evolution which will be close to the one
predicted by the ΛCDM model in the phases of radiation domination, matter
domination and dark energy domination. After those phases the Universe needs
to enter into the phase characterized by H˙ < 0 and approach the turnaround
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point which is determined by H = 0, a = amax and R = Rturnaround < 0, where
the last condition follows from equation (6). It is well known that the ΛCDM
Figure 2: The evolution phases of viable cyclic cosmologies
paradigm, which introduces the small positive constant cosmological term, gives
satisfactory description of the current accelerated expansion of the Universe. We
can therefore assume that quantum gravity corrections of the lowest order can,
at least at this scale, be effectively described as an effective cosmological term.
However, such effective cosmological term introduced in the setting of modified
gravity [44] or based on the field theory considerations [45] will no longer be a
constant, but will become a dynamic quantity. If this approach is valid at least
in the low curvature regime, then the corrected first Friedmann equation can be
written as H2(t) = (8piG/3)(ρ(t)rad + ρ(t)mat) + Λeffective(t). It then follows
that the necessary condition for the turnaround is that the cosmological term
changes from a small positive value, to a small negative value at the turnaround
time, tr, given by:
λeffective(t = tr) = −8piG
3
(ρ0rada
−4
max + ρ
0
mata
−3
mat), (8)
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where ρ0rad and ρ
0
mat are the values of radiation and matter density today, and
we have also assumed that the effective dark energy is not interacting with the
energy-matter sector, so that the energy-momentum tensor for the matter and
radiation stays conserved. The problem of phenomenological dynamics of the
cosmological term, from the perspective of cyclic cosmology, was discussed in
more detail in [42]. Although the question about the dark energy dynamics is
still unsolved from the point of view of current observations, the recent results
suggest that the evolving dark energy does not contradict the measurements and
even seems to be slightly preferred with respect to to the ΛCDM model [46, 47,
48, 49, 50]. After the turnaround, the Universe enters into the contraction phase
of its evolution, H < 0, with the curvature scalar which eventually increases and
approaches its maximal value, until the bounce is again reached and the new
cycle begins. This general pattern of cyclic cosmological evolution is depicted
in Figure 2.
2.2 Cyclic universe as a dynamic system
The fact that the system (5)-(7) represents a set of autonomous differential
equations enables us to use the methods of dynamic systems in order to un-
derstand the qualitative and global properties of its solutions. The application
of dynamical systems methods in cosmology was rich and diverse in the past
decades [51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62], but according to our
knowledge there was no work focusing on the analysis of cyclic cosmologies
from this perspective. The central point of the dynamical system approach is to
determine the fixed points of the considered system of differential equations, as
well as their stability. The system (5)-(7) is very suitable for this approach in
the light of cyclic cosmology, since from demanding that a(t) 6= 0, as discussed
previously, it is very easy to see that the fixed point is given by H∗ = 0 and
R∗ = 0, while the a component of the fixed point is determined by the condition
g(a∗, 0, 0) = 0, which needs to lead to the solution such that amin < a∗ < amax.
The most common procedure for determining the type and stability of a fixed
point is the linear stability theory – in which the system is linearised around
its fixed point. Therefore, in the expansion of a function defining a dynamical
system, x˙ = f(x), we consider only the first partial derivatives:
fi(x) ≈ fi(x∗) +
n∑
j=1
∂fi(x
∗)
∂xj
(x− x∗), (9)
and stability of fixed points is thus encoded in the eigenvalues of the stability
matrix, J = ∂fi(x
∗)
∂xj
evaluated at the fixed points. In our case the stability
matrix is given by
J =
 H a 00 −12H 16
∂g(a,H,R)
∂a
∂g(a,H,R)
∂H
∂g(a,H,R)
∂R
 (10)
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Those eigenvalues can be real or complex, and assuming that their real parts are
all different from zero the linear stability theory will be sufficient to determine
the stability of fixed points, according to Hartman–Grobman theorem. In this
case, the fixed points can be classified on stable-nodes (if all of the eigenvalues
have negative real parts), unstable nodes (if all of the eigenvalues have positive
real parts) and saddle-points (if some – but not all – eigenvalues have positive
real values, and others have negative real values). [63]. However, since we are
discussing cyclic cosmological solutions, all of these mentioned types of fixed
points are not of interest to us, because their eigenvalues correspond to an
attraction or repulsion from a considered fixed point along some direction in
the phase space. On the other hand, we are interested in a very specific type of
fixed points which are corresponding to closed orbits and are therefore neutrally
stable – in the sense that they neither attract nor repel nearby trajectories. Such
fixed points are known as eliptic fixed points or centers and they correspond to
purely imaginary eigenvalues [63]. Therefore, the requirement that the system
(5)-(7) leads to cyclic cosmological solutions, corresponds to the condition
det[J ] =
 −λ a∗ 00 −λ 16
∂g(a,H,R)
∂a |a∗,0,0 ∂g(a,H,R)∂H |a∗,0,0 ∂g(a,H,R)∂R |a∗,0,0 − λ
 = 0, (11)
where λ needs to be imaginary. The difficulty, however, here arises from the fact
that the linear stability theory is inconclusive when it comes to the analysis of
eliptic fixed points. Namely, such fixed points have vanishing real parts and are
therefore violating the conditions of the Hartman-Grobman theorem. This can
be understood from the fact that eliptic fixed points or centers are not stable
with respect to higher order non-linear corrections, which were neglected in (9),
and which can perturb them into other types of fixed points. The presented
condition is thus not sufficient and linear stability analysis on its own can lead
to wrong conclusions. Further considerations are therefore necessary in order to
discuss the conditions for the realisation of cyclic cosmologies. They are given
by two important theorems related to our cosmological dynamical system (5)-
(7).
We state the following general claim (Claim 1): Suppose that some gravity
theory, defining a function g(a,H,R) in the equations for cosmological
dynamics and leading to a continuously differentiable system (5)-(7)
has a following symmetry: g(a,H,R) = −g(a,−H,R). If a∗, H∗ = 0,
and R∗ = 0 is a center determined by the linear stability theory (i.e.
given by the equation (11)) then sufficiently close to this point all tra-
jectories will correspond to symmetric cyclic cosmological solutions.
To prove this claim we first note that, taking the stated assumption on the func-
tion g(a,H,R), the system (5)-(7) is invariant under time inversion, t→ −t, if
also H → −H and R → R, while a can by definition only stay positive. Such
solutions are symmetric cyclic solutions with respect to the origin we choose to
be defined by the bounce, tbounce = 0. Therefore, the system (5)-(7)is reversible
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system in the sense that it has a reversing symmetry under time inversion.
For reversible dynamic systems the existence of linear centers is sufficient to
guarantee the stability of the center with respect to non-linear corrections, and
therefore the existence of closed orbits around the fixed point [64, 65].
Such usage of the theorem for non-linear centers of reversible dynamic sys-
tems is obviously restricted to symmetric cyclic cosmologies. From the point of
view of physically realistic cyclic models this requirement may be problematic,
since symmetric models can lead to problems of instabilities and growing vector
perturbations during the contracting phase [85, 86], and non-symmetric models
can be used to solve additional cosmological problems [28]. Therefore it is of
interest to also have some other general criteria for the existence of cyclic solu-
tions, not restricted to symmetric cosmological solutions. This can be achieved
by using the theorem on the existence of closed orbits around the extreme point
of the conserved quantity of the dynamical system.
Claim 2: Let us assume that the modified Friedmann equation in some
theory of gravity, with the matter content of the Universe given by n
different components of energy density, ρi, associated with the equa-
tion of state parameter for each component given by wi, takes the
form F(a,H,R) =
∑n
i ρi(t). Then the conserved quantity is given by
I(a,H,R) =
n∑
i=1
F (a,H,R)a3(1+wi) −
n∑
ζ=1
( n∑
i=1,ζ 6=i
ρ0i a
−3(wi−wζ)
)
. (12)
If I(a,H,R) has a strict local extremum at the fixed point given by a∗,
H∗ = 0, and R∗ = 0 satisfying (11), then sufficiently close to this point
all trajectories will correspond to cyclic solutions. Note that in the case
of the Universe filled only with dust and radiation, the conserved quantity is
simply given by I(a,H,R) = F (a,H,R)(a4 + a3) − ρ0ma − ρ0r/a. To prove this
claim we note that by (4), by using p = wρ, the quantity I(a,H,R) constructed
as the sum of all contributions corresponding to energy densities at a given mo-
ment, ρ0i , will stay conserved on cosmological trajectories in the configuration
space. Therefore, I(a,H,R) is a first integral of autonomous system (5)-(7) in
the sense that it is constant on solutions of this system. Now we can use the
dynamical systems theorem which guarantees that if a point (a∗, H∗, R∗) is a
strict local extremum of a first integral of the autonomous system of differential
equations then this point is a stable equilibrium point of the system, and thus
the center of this system will be stable [65].
The importance of this claim also comes from the fact that, even in the case
where linear theory does not predict a center, it can be determined that the fixed
point is stable if the considered integral I(a,H,R) has a strict local extremum
there. This is of general interest for dynamical analysis of cosmological equa-
tions, as the discussion on nature of fixed points in three or more dimensions
with vanishing real parts of eigenvalues can otherwise become quite complex.
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As there are many possible trajectories in the phase space, corresponding to
different gravitational theories and initial conditions, it is of interest to some-
how compare the physically relevant quantities characterizing specific models.
One set of such parameters is given by the characteristic values of coordinates
during the bounce (amin, Hbounce = 0, Rbounce) and turnaround (amax, Htr = 0,
Rtr ). This type of information is of course only local and describes only the two
most important points of cosmological evolution. A global type of characteri-
zation of various cyclic cosmologies is given by the integral in the configuration
space, which is proportional to the period of the cyclic Universe
Γ =
∫ amax
amin
∫ Hmax
Hmin
∫ Rmax
Rmin
dadHdR. (13)
3 Cyclic cosmologies in f(R) modified theory of
gravity
3.1 A short review of f(R) gravity
One of the first attempts to modify Einstein’s General Relativity was simply to
change the Einstein-Hilbert action to a new more general action as a function
of curvature preserving all the symmetries of a viable General Relativity. The
action is given by [66]:
S = c
4
16piG
∫ √−gf(R)d4x, (14)
where the Ricci scalar is replaced by some general function, R → f(R). It was
proved that such a theory can be renormalized [67, 68, 69] from a perspective
of a standard quantum field theory machinery. Another success of f(R) theory
was recognized by Starobinsky [70, 71] who used it as a model of inflation in
the early stage of the Universe leading to an effective cosmological constant. In
the cosmology sector the f(R) gravity is found to be a very successful theory
providing a natural explanation for dark energy, dark matter, cosmic bounce
etc. without introducing some new unknown fields, exotic matter and other
speculative notions [72, 73, 74], a brilliant hystorical review can be found in
[75]. The viability of the theory has also been discussed by several Solar system
tests and constraints on the theory [76, 77] . One of the first drawbacks was
the discovery of the Ostrogradsky instabilities and ghost degrees of freedom as
the theory is based on the fourth order differential equation. Moreover, to get
the unique solution of the Cauchy problem is extremely difficult [80]. Recently,
was discovered that with the Lagrange multiplier constraint the theory was
ghost free [78] and in a nonlocal f(R) gravity theory [79] was found the same
conclusion. In metric f(R) the following conditions must be satisfied so that the
theory becomes free of Ostrogradsky instabilities [81] and ghost-free [82, 83]:
df(R)
dR
> 0,
d2f(R)
dR2
≥ 0. (15)
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From our point of view we will treat the f(R) theory as an effective toy theory
of a quantum theory of gravity which has yet to be established. We will work
in a so called metric formalism where the equations of motion are obtained by
varying the action with respect to the metric. By doing so one obtains the
following field equation[72]
f ′(R)Rµν − 1
2
f(R)gµν − (∇µ∇ν − gµν)f ′(R) = κTµν , (16)
where κ = 8piG/c4 and as usual the stress-energy tensor is defined as
Tµν ≡ −2√−g
δSm
δgµν
, (17)
where the prime denotes differentiation with respect to the argument, ∇µ is the
covariant derivative and  ≡ ∇µ∇µ. Now turning to the cosmological setting
we will use the FLRW metric (1) with k = 0, so that the resulting equations of
motion are
3H˙ + 3H2 = − 1
2f ′
(ρ+ 3p+ f − f ′R+ 3Hf ′′R˙+ 3f ′′′R˙2 + 3f ′′R¨), (18)
3H2 =
1
f ′
(
ρ+
1
2
(Rf ′ − f)− 3Hf ′′R˙
)
, (19)
where H = a˙/a is the Hubble parameter, the dot represents derivative with
respect to time and f ′ = ∂f/∂R, f ′′ = ∂2f/∂R2 and f ′′′ = ∂3f/∂R3.
3.2 Cyclic solutions in f(R) gravity
In order to study the dynamical properties of cyclic solutions in f(R) gravity
we should choose one of the related equations of motion to define a function
g(a,H,R) appearing in equation (7). It seems natural to use the equation (19),
but the problem arises when one is dividing the whole equation with 3Hf ′′, to
get R˙ alone on the left side of the equation, as H = 0 is actually a turnaround
point we are here interested in. On the other hand, the equation (18) does not
suffer from this feature, and simply by adding a new equation in the dynamical
analysis – in order to take into account that the equation (18) is now containing
the second time derivative of the Ricci scalar, we get the set of equations
a˙ = aH (20)
H˙ =
1
6
[R− 12H2] (21)
R˙ = g(a,H,R,L) = L, (22)
L˙ = R¨ = h(a,H,R,L) (23)
where L = R˙ and
h(a,H,R,L) =
1
3f ′′
(6f ′H2 − ρ− 3p(ρ)− f − 3Hf ′′L− 3f ′′′L2). (24)
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We are now ready to perform the linear stability analysis; with the assumption of
the fluid equation of state in the form p(ρ) = wρ, by including matter (w = 0)
and radiation (w = 1/3) component of the ideal fluid. The Jacobian J then
reads:
J =

H − λ a 0 0
0 −4H − λ 16 0
0 0 −λ 1
∂h(a,H,R,L)
∂a
∂h(a,H,R,L)
∂H
∂h(a,H,R,L)
∂R
∂h(a,H,R,L)
∂L − λ
 , (25)
we require det[J ] = 0 elevated at the fixed point a = a∗, H∗ = 0, R∗ = 0,
L∗ = 0, and this gives us the equation:
λ4+
f ′′(R)
(
6a4λ2f ′(R)− 3aρm − 8ρr
)− 6λ2f ′′′(R) (a4f(R) + aρm + 2ρr)
18a4f ′′(R)2
∣∣∣∣∣
f.point
= 0,
(26)
with f ′′(R) 6= 0, the solution of the eigenvalue problem is:
λ21,2 = λ
2
0 ±
√
A+B2
36a4f ′′(0)2
(27)
where:
λ20 =
1
6
(
2ρrf
′′′(0)
a∗4f ′′(0)2
+
ρmf
′′′(0)
a∗3f ′′(0)2
+
f(0)f ′′′(0)
f ′′(0)2
− f
′(0)
f ′′(0)
)
, (28)
A = −72a∗4f ′′(0)2 (−3aρmf ′′(0)− 8ρrf ′′(0)) , (29)
B = −6a∗4f(0)f ′′′(0) + 6a∗4f ′(0)f ′′(0)− 6aρmf ′′′(0)− 12ρrf ′′′(0). (30)
As discussed in Sec 2. the linear stability theory is inconclusive in determining
the nature of fixed points, since centers are not stable with respect to the effects
of nonlinear corrections. Thus, the linear stability analysis needs to be further
supported by reference to Claim 1 or Claim 2 discussed in Sec 2. in order to
prove the existence of non-linear centers. Then using Claim 2 it follows that
the necessary condition ∇I(a,H,R,L) = 0 around the fixed point (a = a∗, H =
0, R = 0, L = 0) in the case of dust and radiation in f(R) gravity leads to:
1
2
(4a∗ + 3)a∗2f(0) +
ρr
a∗2
− ρm = 0. (31)
Here we have used the fact that the conserved integral is in this case, of mat-
ter and radiation described by ideal fluid in f(R) gravity, given by (see the
discussion under Claim 2 in Sec.2):
I(a,H,R,L) = (3H2f ′ − 1
2
(Rf ′ − f) + 3Hf ′′L)(a4 + a3)− ρma− ρr/a. (32)
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In order to verify that the conserved integral at the fixed point indeed has an ex-
tremal nature, one should in principle also inspect the behaviour of∇2I(a,H,R,L)
at a = a∗, H = 0, R = 0, L = 0. In the considered case ∇2I is at the fixed point
equal to:
− 2ρr
a∗3 + 3a
∗f(0)(2a∗ + 1) 0 0 0
0 6a∗3(a∗ + 1)f ′(0) 0 3a∗3(a∗ + 1)f ′′(0)
0 0 − 1
2
a∗3(a∗ + 1)f ′′(0) 0
0 3a∗3(a∗ + 1)f ′′(0) 0 0

(33)
3.2.1 Concrete numerical solutions of cyclic f(R) model
As an example one could choose a specific f(R) and find the corresponding
eigenvalues. In the following sections we will consider the polynomial form of
the type:
f(R) = a1R+ a2R
2 + a3R
3 + a4. (34)
Such polynomial form is both interesting because of its generality (since it
represents the first terms in the Taylor expansion of any f(R) function) and since
such form of the curvature correction to Einstein-Hilbert action will typically
arise when quantum loop corrections coming from the self-interaction of gravity
are considered. Firstly, we will construct a numerical function of f(R) which
will lead to a cyclic Universe. By doing so we will approximate this solution by
a series similar to (34) and perform a dynamical analysis to check the viability
and consistency of the two methods. The most simple example is to start with
the scale factor as
a(t) =
1
2Λ
(1 + c sin(2ωt)), (35)
where Λ, c and ω are some real positive constants. If c ∈ 〈−1, 1〉 then the given
scale factor corresponds to a well-defined and regular cyclic solution. On the
other hand, if there is a time at which a(tmin) = 0 then this scenario would lead
to a singularity in H and therefore in curvature, R→∞. In this case the solu-
tion would not be strictly cyclic but it would lead to a so called Big Crunch, i.e.
the oscillation would be interrupted by the singular points reached in the con-
figuration space a, H, R. Therefore, the required condition is: a(tmin) > 0 and
for this reason the simpler expressions of the form a(t) = (A sin(ωt), A cos(ωt)),
commonly found in literature when discussing cyclic solutions, are not consid-
ered here. An earlier discussion of a reconstruction of such a solution, containing
a singularity, can be found in [84].
By expressing a(R), the field equations (18) and (19) become a second order
differential equations in f with respect to R. The required functions expressed
in terms of R are
a(R) =
18Λω2 ±√6√48c2Λ2ω4 + c2Λ2Rω2 + 6Λ2ω4 − Λ2Rω2
48Λ2ω2 + Λ2R
, (36)
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da
dt
=
cω
√
1− (1−2a(R)λ)2c2
λ
, (37)
d2a
dt2
= −2ω
2(2a(R)λ− 1)
λ
, (38)
dR
dt
= −
12cω3
(
3a(R)λ+ c2 − 1)√1− (1−2a(R)λ)2c2
a(R)3λ3
, (39)
and the field equation (19) can be numerically solved to reconstruct a specific
numerical f(R) solving the equation:
3
( ˙a(R)
a(R)
)2
=
1
f ′
( ρ0
a(R)3
+
1
2
(Rf ′ − f)− 3
˙a(R)
a(R)
f ′′R˙
)
. (40)
By choosing ρ0 = 1, c = 0.8, ω = 2 and Λ = 0.01 with the initial conditions:
f(0) = a4 = 1.5 · 10−6, f ′(0) = a1 = −10−8, (41)
we obtain the solution which is depicted in Fig 2. By using the following values
a1 = −10−8, a2 = −2.5 · 10−10, a3 = −1.7 · 10−13, a4 = 1.5 · 10−6,
(42)
in expression (34), it is obvious that the numerical f(R) can be approximated
with (34) within the error of magnitude of the order of 10−5. For larger values
of R the error is increasing, which does not come as a surprise – since in the
high curvature regimes the higher orders of R, determining the further features
of the full numerical solution not contained in the approximated solution, will
become important and need to be included to effectively mimic the quantum
effects of gravity.
3.2.2 Dynamical analysis of f(R) third order polynomial model
Now we are ready to analyse the cyclic solutions in the f(R) gravity given
by (34), and we expect that with the same parameters the dynamical analysis
should be consistent with the existence of cyclic solutions. Considering the same
f(R) as discussed earlier,
f(R) = a1R+ a2R
2 + a3R
3 + a4, (43)
with
a1 = −10−8, a2 = −2.5 · 10−10, a3 = −1.7 · 10−13, a4 = 1.5 · 10−6,
(44)
for the choice of parameters w = 0, ρr = 0 and ρm = 1, one can calculate a∗
from the necessary condition for the existence of a nonlinear center (31) at the
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f(R)=a1R+a2R
2+a3R
3+a4
Numerical solution
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Figure 3: The numerical solution of eq. (40) with the scale factor evolution
given by (35), and the initial conditions given by (41) (orange line) compared
to analytical approximation (34) with the parameters given by (42) (blue line)
fixed point (a = a∗, H = 0, R = 0, L = 0), using the requirement that at this
fixed point the conserved integral has an extremal value. This yields
a∗ =
1
4
(
f(0)
3
√
4
√
2
√
8f(0)4ρ2m − f(0)5ρm + 16f(0)2ρm − f(0)3
+
3
√
4
√
2
√
8f(0)4ρ2m − f(0)5ρm + 16f(0)2ρm − f(0)3
f(0)
− 1
)
' 69.09, (45)
By comparing the value of scale factor at the resulting extremal point of I(a,H,R)
with the value of scale factor at the fixed point, given by analytical approxima-
tion (36)
a(R = 0) =
√
(8c2 + 1)λ2ω4 + 3λω2
8λ2ω2
' 68.4, (46)
one can conclude that the two fixed points are in an excellent agreement given
the involving approximation. Consequently, the numerical f(R) can be effec-
tively modeled as a shift from the (34):
f(R)numerical = f(R) + ∆f(R), (47)
which corresponds to a shift in the a∗(R = 0)→ a∗+∆a∗. In order to inspect the
cyclic solution within the linear analysis we need to find the eigenvalues from
(26) for the specific f(R) model. Using the same values as in the numerical
procedure we get that the eigenvalues are: λ1,2 ≈ 25.4i and λ3,4 ≈ 1.29i. We
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see that in the considered example such type of the fixed point, containing
imaginary eigenvalues and being stable by the virtue of the extremal nature of
I(a,H,R) at this point, leads to a cyclic solution. Similarly to Fig 2. the phase
portrait of this solution is given in Fig 4.
Figure 4: Phase portrait (a,R,H) of the numerical solution of (40) with the
values Λ = 0.01, ω = 1, c = 0.8 and ρ0 = 1. The dot corresponds to the center
point a∗ = 69, H = 0, R = 0. The orange and blue line represent two different
branches as H = a˙/a is quadratic in (40), they collide at the maximum and the
minimum value of the scale factor, a, taking place at H = 0.
4 Cyclic cosmologies with dynamic dark energy
4.1 Introduction
The usual assumption, invoked in the standard cosmological model to solve the
contradiction between the observed accelerated expansion of the Universe and
the attractive nature of gravity in general relativity, is to introduce a small con-
stant term (the cosmological constant) into the field equations. The standard
interpretation of this constant is that it represents the vacuum energy contribu-
tion, an interpretation which – as it is well known – opens new severe problems
due to its small observed value compared to the huge value predicted by the
quantum field theory order of magnitude estimate [87, 88]. At the same time,
the standard cosmological model gives a currently satisfactory fit to the em-
pirical data related to the cosmological evolution, which is – together with its
simplicity – the main reason for its popularity. However, introducing a constant
cosmological term represents only one among several other related possibilities.
Specifically, there are no reasons against a much more general option – that the
cosmological term is not a constant but a dynamic quantity. Moreover, such
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an option can be motivated by additional theoretical considerations. If cosmo-
logical term is understood as coming directly from the vacuum energy density,
then quantum field theory considerations on curved spacetime can motivate the
running vacuum models, in which its energy becomes dynamic [89, 90]. On the
other hand, if the cosmological term is understood as a lower curvature effective
contribution coming from some new theory of (quantum) gravity then it can also
be expected that this contribution would in general be dependent on the consid-
ered energy regime. In connection with this reasoning, it is worth to note that a
running nature of the couplings of the theory is something that comes as a usual
consequence of effective field theories, as it is for instance also discussed in the
asymptotically safe gravity approaches [91]. All these reasons speak strongly
in favor of the need to analyse the cosmological consequences and models in
the framework of dynamic cosmological term, which was recently discussed in
various works. These works demonstrated that some of dynamic energy models
are in a very good agreement with the empirical data [92, 93, 94, 95]. Basing
ourselves on this motivation, we want to apply our general discussion of cyclic
cosmologies to the models of dynamic dark energy and for the first time present
some models of cyclic cosmology in this framework.
The cosmological term considered as an explicit function of time, Λ(t), in gen-
eral gives rise to a non-autonomous set of differential equations, which cannot
be analysed using the discussed techniques, and is therefore outside the scope
of this work. The assumption we take in this section is that the dynamics of the
cosmological term can be expressed as a dependence on the scale factor, curva-
ture and Hubble parameter, Λ(a,H,R). Under this assumption the cosmology
with dynamic dark energy can be put in the form given by the equations (5)-(7),
with
g(a,H,R) =
1
∂Λ
∂R
[
1
3
(R−12H2)H− 1
3
dρ(a)
da
H− ∂Λ
∂a
H− 1
6
∂Λ
∂H
(R−12H2)]. (48)
Now we can simply apply the theorem for the existence of non-linear centers on
such theory where cosmological term is given by Λ(a,H,R).
Claim 3: If dynamic dark energy is a function with the following
property: Λ(a,H,R) = Λ(a,−H,R), and the system of equations de-
scribing the cosmological evolution in such theory of dynamic dark
energy has a center at some value a = a∗ with H∗ = 0 and R∗ = 0, de-
termined by the linear stability theory from the stability matrix (10)
– then sufficiently close to this point all trajectories will correspond
to cyclic cosmological solutions. Proof: If Λ(a,H,R) = Λ(a,−H,R) and
its corresponding function, g(a,H,R), is determined by the equation (48), then
the system of equations describing such cosmological evolution is a reversible
dynamic system. Then, according to the presented Claim 1, sufficiently close to
the linear center of this system of equations all trajectories will correspond to
cyclic cosmological solutions.
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4.2 Λ(a) dynamic dark energy model
We will now consider a specially convenient form of simple dynamic dark energy
models where the cosmological term – absorbing all contributions modifying the
standard Friedmann equations whatever be their cause (for instance, modified
gravity or new types of cosmological fluid) – can be expressed as a function only
of the scale factor, Λ(a). Furthermore, here and in the following sections we
will assume that dynamic dark energy can be treated as non-interacting with
matter fields, so that the evolution of energy density and pressure is still having
the standard form. It then follows that in this case the problem can be reduced
to a one-dimensional system of the following form:
a′(t)
H0
= ±
√
Ωrad0 a
−2 + Ωmat0 a−1 + Λ(a)a2., (49)
where for the convenience we introduced the radiation and matter densities to-
day, Ωrad0 and Ωmat0 , as well as the dark energy assumed to be expressed with
respect to the critical density, viz. Λ(a) ≡ ρΛ/(3H20/8piG).
Although this is a first order autonomous system, the existence of cyclical solu-
tions is possible by virtue of existence of two branches of solutions, corresponding
to expansion (positive branch) and contraction (negative branch). In order to
enable both the transition from the contracting to expanding phase (the cosmo-
logical bounce) and the vice versa (the cosmological turnaround) these branches
need to connect at two different fixed points of the equation (49). These fixed
points in the case of cyclic solutions correspond to the minimal and maximal
values of the scale factor, amin and amax. For this reason the solutions of the
equation (49) need to be constrained to the region amin ≤ a ≤ amax and outside
this region it follows:
Ωrad0 a
−2 + Ωmat0 a
−1 + Λ(a)a2 < 0. (50)
Regarding the stability of solutions in the case of the positive branch, cor-
responding to expansion, the points in the nearby region of amin need to be
repelled from the fixed point, while they need to be attracted towards it in the
case of the negative branch, which is corresponding to contracting phase of the
Universe. The reverse if true for the second fixed point at amax. In this way
both fixed points need to act as semi-stable fixed points enabling the transition
from the contraction to expansion and vice versa. Therefore, considering the
linear stability for the positive branch it follows
2aminΛ(amin) + a
2
min
dΛ(a)
da
|a=amin − 2a−3minΩrad0 − a−2minΩmat0 > 0 (51)
and
2amaxΛ(amax) + a
2
max
dΛ(a)
da
|a=amax − 2a−3maxΩrad0 − a−2maxΩmat0 < 0, (52)
while the opposite inequalities need to hold for the negative branch of equation
(49).
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As a very simple example of cyclic cosmology in Λ(a) let us consider the follow-
ing function
Λtrig(a) =
1− (k − a)2
a
− (Ωmat0 + Ωrad0 ), (53)
where k is a constant. In this case the modified Friedmann equation (49) simply
reduces to a˙ = f(a) = ±√(1− (k − a)2)a, and has two fixed points correspond-
ing to amin and amax given by: amin,max = k ∓ 1 at which the positive and
negative branch meet. Demanding that the scale factor always stays positive,
we have clearly k > 1 and it is straightforward to check that under this condi-
tion df/da > 0 at amin for the positive branch of the solution, and df/da < 0
at amin for the negative branch of the solution – i.e. the points on the positive
branch will be repelled from this fixed point, while the points on the negative
branch will be attracted towards it, enabling the transition of the Universe from
the contracting into the expanding phase. Conversely, at amax it simply follows
that df/da < 0 for the positive branch and df/da > 0 for the negative branch –
so that the late time expansion of the Universe changes into a contracting phase
leading to a new cosmological bounce. The model (53) can be criticised due to
the fact that the energy densities enter into the functional dependence of Λ(a),
which may be viewed as not natural. However, this could be understood simply
in terms of modeling a situation in which, in a given regime, the contributions
of matter and radiation densities are compensated by the opposite contribution
of the dynamic dark energy. As we will discuss in the following, the matter and
radiation can in a more general scenario be introduced as a perturbation around
this solution.
In fact, the model described by (53) leads to the analytical oscillating solu-
tions for the scale factor given by: a(t) = k − cos(t), and its discussed dynamic
properties therefore do not come as a surprise. In order to study more general
and realistic scenarios we can consider adding arbitrary correction terms con-
taining powers of the scale factor to model (53): Λ(a) = Λtrig(a) +
∑
n cna
n.
The considerations of dynamic properties of such Λ(a) model, following the gen-
eral discussion given earlier, will then lead to constraints on the coefficients cn
in order to lead to cyclic cosmologies. Considering the corrections to the first
order, the fixed points of the equation (49) will then be given by the solution
of the associated third order algebraic equation. In order to have cyclic cos-
mologies there need to exist two real and positive solutions of this equation,
corresponding to amin and amax. Since one of the solutions, a = 0, can be
discarded as the physical solution of interest, we are left with the following two
solutions:
amin,max =
−(c0 + 2k)±
√
(c0 + 2k)2 − 4(c1 − 1)(1− k2)
2(c1 − 1) , (54)
where it needs to be demanded that both solutions are real and positive, which
constraints the values of parameters c0 and c1 .
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There is also a different and more general class of Λ(a) models we can con-
struct in order to obtain cyclic cosmologies which also approach the ΛCDM
model in the period between the bounce and turnaround. To fulfill the dis-
cussed conditions for cyclic evolution the value of dynamic dark energy needs
to become negative while approaching both the bounce and turnaround fixed
points, at amin and amax respectively, while to reproduce the ΛCDM evolution
it needs to approach approximately constant and positive values during the ra-
diation, matter and dark energy dominated phase. One possible class of such
functions is given by:
Λ(a) = Λ0(1− g(a)
ak
− h(a)am), (55)
where m > 0, while the function h(a) needs to satisfy h(a)am ≈ 0 for a amax
and be consistent with the existence of a fixed point at amax, while k ≥ 4 and
the function g(a) needs to satisfy g(a)/ak ≈ 0 for amin  a and it moreover
needs to be consistent with the existence of a fixed point at amin. We plot the
phase portraits of one example of this class of models in Fig. 3., together with
examples for other types of models discussed in this section .
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Figure 5: Various models of Λ(a) dynamic dark energy leading to cyclic cos-
mologies: Λtrig(a) =
1−(c−a)2
a − (Ωmat0 + Ωrad0 ) (black dotted line), λ(a) =
Λtrig(a) + c0a + c1a
2 (blue thick line), Λ(a) = Λ0(1 − g(a)ak − h(a)am) (red full
line). Here the parameters are chosen to be: c = 2, Ωmat0 = 0.3, Ωrad0 = 10−5,
Λ0 = 0.69, c0 = 0.1, c2 = 0.01, g(a) = 0.1, k = 4, m = 4, h(a) = 10−5.
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4.3 Λ(R) model
On the other hand, one could also inspect the specific case where dark energy
is a function only of the Ricci scalar, namely Λ(R). In this approach the action
of the theory can be simply thought as a specific example of a f(R) theory:
f(R) = −2Λ(R) + F (R). (56)
Therefore the techniques presented in Sec.3 can be applied in the setting of
Λ(R) dark energy. As an example we will refer to the article [42] where a specific
Λ(R) was discussed in connection with cyclic cosmological solutions. Here we
will show that using a different approach, namely a dynamical analysis, the
same conclusion follows. The specific f(R) chosen in [42] is given by
f(R) = −2Λ(R) +R+ a2R2 + a3R3, (57)
where:
a2 =
3Λ0 + 36Λ0R2 − 2
1− 12R2 a3 =
−2Λ0 − 12Λ0R2 + 1
1− 12R2 , (58)
and Λ(R) is given by
Λ(R) = Λ0 −
A
(
1− R−RminB
)
(R−Rmin)2
B2 + 1
. (59)
From equation (26) without matter fields ρr,m = 0 the eigenvalues are
λ1,2 = 0, λ2,3 = ± i
√
f ′(R)f ′′(R)− f(R)f ′′′(R)√
3f ′′(R)
, (60)
it is easy to see that the solutions leading to a cyclic Universe must satisfy the
condition
f(R)f ′′′(R) > f ′(R)f ′′(R). (61)
Using the same parameters as in [42] A = 0.5, Rmin = −0.5, B = −0.1,
Λ0 = 0.0005 and R2 = −2 the resulting eigenvalues equals to λ ≈ ±0.582i.
Evidently the linear stability test is not conclusive due to the fact that two
eigenvalues are equal to zero.
The conserved quantity in Λ(R) model can be expressed as:
I(H,R,L) = 3H2f ′ − 1
2
(Rf ′ − f) + 3Hf ′′L. (62)
The conserved quantity I(H,R,L) must satisfy:
∇I(H,R,L) =
 3Lf ′′(R) + 6Hf ′(R)3HLf (3)(R) + (3H2 − R2 ) f ′′(R)
3Hf ′′(R)
 = 0, (63)
which is evidently satisfied at H = 0, R = 0 and L = 0.
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5 Cyclic cosmologies in modified torsion based
f(T ) theories of gravity
5.1 A short review of f(T ) gravity
It is a well known concept to introduce torsion in a theory of gravity. In fact,
one can construct a theory of gravity equivalent to General Relativity (GR) by
replacing the description of spacetime which is curved with spacetime that has
a non-vanishing torsion. The equivalent theory is called Teleparalel Equivalent
to General Relativity (TEGR). In contrast to GR, where the curvature scalar,
R, is contained in the Einstein-Hilbert action, in TEGR the curvature scalar is
replaced with the so called torsion scalar, T . The action in TEGR is given by
[96]:
STEGR = c
4
16piG
∫
hTd4x, (64)
where h is the determinant of the tetrad field haµ, which is the dynamical
degree of freedom and is related to the metric tensor (metric compatibility con-
dition) haµhbνgµν = ηab, where ηab is the Minkowski metric with the signature
ηab =diag(1,−1,−1,−1). The torsion scalar, T , is a rather special scalar con-
structed in such a way to lead to a relationship with R in a way that they differ
only by a total divergence:
R = −T − 2∇µT νµν . (65)
where T ρµν is the torsion tensor defined as an antisymmetric part of an arbitrary
affine connection: Γρνµ − Γρµν . The torsion scalar is obviously always zero if Γρµν
is a standard curvature Levi-Civita connection. From this construction it is easy
to see that the resulting equations of motion from action (64) are equivalent to
those of GR. Good reviews of TEGR can be found in [97, 98, 99, 100]. In the
same spirit as in f(R) theories, one could replace the torsion scalar with an
arbitrary function f(T ) in the action integral. The resulting class of theories is
then called the f(T ) theories of gravity. The f(T ) theories are drastically dif-
ferent from those of f(R) gravity, with one of the most striking problem given
by the apparent break of local Lorentz invariance [101, 102]. The recent devel-
opment of the theory found some interesting aspects of the structure of theory
[103, 104, 105, 106, 107, 108, 109] but the problem is still not well understood.
Nevertheless, the f(T ) theories are very successful in the cosmological setting,
as dark energy models and inflationary models, in strong gravity regimes, and
are able to ensure the consistency with the solar system test [110, 111, 112]. For
this reason the cosmological behaviour of solutions is worth investigating in the
context of the bouncing and cyclic cosmology [113]. One of the main difference
with respect to f(R) is that remarkably the equations of motions are of the
second order only, the same order as in GR, which could simplify considerably
the dynamical system analysis. Recently, a "no go" theorem appeared in [114]
where it was claimed that it leads to impossibility of a cyclic Universe in f(T )
gravity. We will inspect this problem further in the following section.
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The action in f(T ) gravity is
S = c
4
16piG
∫
hf(T )d4x. (66)
By varying the action with respect to the tetrad field the field equations of
motion are obtained [107]:
h−1fT∂ν(hS µνa ) + fTTS
µν
a ∂νT
− fTT bνaS νµb +
1
4
f(T )h µa + fTA
b
aνS
νµ
b = κΘ
µ
a , (67)
where fT = df(T )/dT and fTT = d2f(T )/dT 2, the torsion tensor is defined as
the antisymmetric part of an arbitrary connection Γρµν
T ρµν = Γ
ρ
νµ − Γρµν , (68)
the superpotential is
Sρµν = Kµνρ − gρνTλµλ + gρµTλνλ , (69)
with the contorsion tensor defined as
Kρµν =
1
2
(T ρµ ν + T
ρ
ν µ − T ρµν), (70)
the spin connection is
Aabµ = h
a
ν∂µh
ν
b + h
a
νΓ
ν
ρµh
ρ
b ≡ haν∇µh νb , (71)
and finally the torsion scalar is given by
T = T aµνS
µν
a . (72)
The stress energy tensor is commonly
Θ ρa =
−1
h
δ(hLmatter)
δhaρ
. (73)
In the cosmological setting we will use the tetrad field metric compatible with
the FLRW spacetime
haµ =

1 0 0 0
0 a(t)
0 0 a(t)r 0
0 0 a(t)r sin θ

for this tetrad choice the corresponding spin connection is [107]
A12θ = −1, A13φ = − sin θ, A23φ = − cos θ. (74)
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With T = −12H2, the Friedmann equations of motion in f(T ) gravity turn out
to be [107]
6H2fT +
f(T )
4
= 4piρ, (75)
2H˙(24H2fTT − fT ) = 4pi(ρ+ p). (76)
From the perspective of a dynamical analysis, the equations of motion in the
covariant f(T ) gravity are much simpler than those of f(R) gravity, as they are
of the second order in contrast to the fourth order in f(R). Therefore it is not
a surprise that the f(T ) gravity is frequently explored as a dynamical system
[100, 115].
5.2 On the existence of cyclic solutions in f(T ) cosmologies
An extensive dynamical analysis of f(T ) cosmologies was earlier conducted in
[114] where it was concluded that cyclic solutions are prohibited in f(T ) gravity
since the conditions for a bounce and turnaround are mutually contradictory
and can thus not be at the same time realised for a single f(T ) function. In
the present study we have reached the opposite conclusion: that cyclic cos-
mological solutions are actually possible in f(T ) theories of gravity. The first
type of proof for this claim is simply given by constructing the specific counter-
examples. Namely, in order to prove that cyclic solutions are possible in f(T )
gravity, assuming the stress-energy tensor to be given by dust and radiation, it
is sufficient to find a f(T ) function which leads to cyclic solutions in a(t) and
H(t) when equations (75) and (76) are solved. We reconstruct such functions
in the following subsection 5.4 and thus demonstrate the existence of cyclic so-
lutions. Furthermore, by carefully inspecting the arguments used against the
existence of cyclic cosmologies in f(T ) gravity elaborated in [114] we will try
to show that the earlier conclusion on impossibility of cyclic solutions was not
justified.
The earlier conclusion on the impossibility of cyclic solutions was derived as
a consequence of the statement 3 presented in [114]. If we introduce W =
f(T )− T + 6H2 + 12H2(df(T )/dT − 1) and WH = dW/dH, WHH = dWH/dH,
then this statement reads [114]: At H = 0 we have H ′(t) 6= 0 if and only if
W > 0, WH = 0 and WHH 6= 0, where
• For WHH < 0 we have H ′(t) > 0 and thus a bounce,
• while for WHH > 0 we have H ′(t) < 0 and thus a turnaround.
This statement can be directly derived if one inspects the modified Friedmann
equation in f(T ) gravity. It was then concluded that since these two conditions
are mutually exclusive, they can not be simultaneously realized in any f(T )
theory. It is at this specific point of the argument that the problem in the
conclusion arises. It is true that the above stated conditions, WHH < 0 and
WHH > 0 are mutually exclusive, but these two conditions are not realized at
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the same point of the cosmological time, but at different time points during the
cyclic cosmological evolution. The difficulty in seeing this clearly comes from
the fact that H is by definition not an uniquely determined parameter in cyclic
cosmology. The value H = 0 corresponds both to bounce and turnaround, while
– if the cyclic solutions are symmetric with respect to the bounce – the values
of H2 will be equal for the symmetric points in the phases of contraction and
expansion. Since in the FLRW spacetime the torsion, which is a fundamental
dynamical degree of freedom, is given by T = −12H2, this double-valued na-
ture of H will also be reflected in the structure of field equations and properties
of solutions. Due to this, the nature of dependence between a and H, will be
double-valued, as will be for instance seen in equation (84). For this reason,
there will actually exist two different f(T ) functions which are leading to the
same oscillatory a(t) solutions, as will be demonstrated in section 5.4 by a re-
construction. Therefore, if one of these f(T ) functions is used in the Friedmann
equation, and the problem is analysed from the point of view of change of the
scale factor in time, the complete cyclic solution will be obtained. However, if
one wants to analyse the problem from the point of view of a−H dependence,
for instance employing W (H) as in the presented claim 3 in [114], then the
whole range of this dependence needs to be taken into account, and one needs
to consider both branches of solutions, corresponding to both branches of f(T ),
to cover the full phase plane. As those functions lead to the same a(t) when
the Friedmann equation is solved, they are in this sense dynamically indistin-
guishable. On the other hand, from the point of view of a−H phase plane, one
branch will fulfill the conditions for a bounce and other for a turnaround and,
due to the double-valued nature of this dependence, they both need to be taken
into account. We will try to demonstrate this properties of solutions in detail
in section 5.5, and they are also clearly visible in Figure 6.
5.3 Vacuum cosmology
A simple example of f(T ) cosmology can be the case where the matter field
energy-density contributions are negligible with respect to torsion. As a result
the matter fields are zero in the field equations in this regime:
6H2fT +
f(T )
4
= 0, (77)
2H˙(24H2fTT − fT ) = 0. (78)
By analysing the first equation of this system (77) one can obtain a remarkable
result that with a specific f(T ) all scale factor functions, a(t) – and thus all
kind of possible oscillatory functions – are the solutions of the field equations.
Namely, the equation can be written as:
f(T )
4
− 1
2
Tf ′(T ) = 0, (79)
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and can be thought as a first order differential equation in f(T ), whose solution
is
f(T ) = C
√−T . (80)
It is straightforward to show that this specific f(T ) = C
√−T is also a solution
to the second field equation (78). As a consequence of this, for an arbitrary a(t)
the field equations are automatically solved – i.e. the contribution of
√−T in
the f(T ) lagrangian does not change the equations of motion that result from
the Friedmann equations. Therefore, we can conclude that the f(T ) lagrangians
with the transformation of the type:
f(T )→ f(T ) + C√−T , (81)
are all symmetric and the equations of motion remain the same under this
transformation when the FRLW geometry is assumed. Then a question of
potential generalisation arises: „Does such kind of transformation, for which
all functions describing the spacetime geometry are satisfying the gravitational
field equations, also exists for other spacetime geometries apart from FRWL
spacetime?” If this is true than all this contributions cannot by themselves
be a viable f(T ) modification. This is a strong restriction of f(T ) gravity
as only viable f(T ) are those excluded from all this symmetric contribution
f(T )→ f(T ) + f(T )symm.contr., f(T ) 6= f(T )symm.contr.. Further investigation
on this problem is necessary which is beyond the scope of this paper.
5.4 Matter and radiation era
When the matter contribution is included then the field equations have the full
form given by (75) and (76). From a simple relation between the torsion scalar
and the Hubble parameter, T = −12H2, the equation (75) can be expressed in
terms of Hubble parameter
f(H)
4
− 1
4
H
df(H)
dH
= 4piρ(H), (82)
which is a convenient form in order to reconstruct a specific f(T ) function.
Again in order to find an oscillatory solution we will demand the form of a(t):
a(t) = A(1 + c sin(ωt)), (83)
the formula can be inverted to get a(H):
a(H) =
2Aω2 ±√4A2 (c2 − 1)ω2 (H2 + ω2) + 4A2ω4
2 (H2 + ω2)
, (84)
then in the matter and radiation dominated era the field equation becomes
f(H)
4
− 1
4
H
df(H)
dH
= 4pi
( ρm
a(H)3
+
ρr
a(H)4
)
. (85)
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For simplicity let us start by taking the parameters ω = 1, ρr = 0 and c = 1
together with (84). The Big Crunch (i.e. oscillations in a(t) with a singularity
in H(t) and R(t)) periodic scenario solution is then given by:
f(H) = constH −
2piH
(
H5
5 +H
3 + 3H − 1H
)
ρm
A3
, (86)
f(T ) =
2piρm
5A3
(
T 3
1728
− 5T
2
144
+
5T
4
+ 5
)
+ const
√−T . (87)
where in the radiation case ρm = 0:
f(T ) =
ρrpi
35A4
(
− 5T
4
20736
+
7T 3
432
− 35T
2
72
+
35T
3
+ 35
)
+ const
√−T . (88)
Those are the solutions with a(t) = A(1 + sin(ωt)), where const
√−T is again
the symmetric part of the lagrangian and in this case is the homogeneous solu-
tion. Interestingly, the cosmological constant is needed to satisfy the oscillatory
solution, while the higher order terms are suppressed with respect to the linear
term, which must be the case in order to be consistent with the observations – as
the hypothetical corrections to the Teleparalel Einstein-Hilbert action must be
small from the observational point of view. Another important solution is the
true cyclic solution, containing no singularities in H(t) and R(t). Again we will
use similar parameters as in f(R) analysis, and therefore we set c = 0.8, ω = 1
and ρr = 0 (matter dominated era) assuming A > 0 and consider the positive
sign case in equation (84). The solution appears to be rather complicated, but
can still be tracked analytically. The reconstructed f(H) and f(T ) for this case
are:
f(H) =
1000
729A3
piρm
(
270H2 −
√
16− 9H2 (9H2 + 182)
− 594H arcsin 3H
4
+ 730
)
+ constH (89)
f(T ) =
1000
729A3
piρm
(
− 45T
2
+
1
8
(3T − 728)√3T + 64
− 99
√
3
√−T arcsin
(
1
8
√
3
√−T
)
+ 730
)
+ const
√−T , (90)
the alternative solution with the negative sign case (84) assuming A > 0 gives
the solution:
f(H) =
1000
729A3
piρm
(
270H2 +
√
16− 9H2 (9H2 + 182)
+ 594H arcsin
3H
4
+ 730
)
+ constH. (91)
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One of the important properties of this solutions is the symmetric nature of
cases assuming A < 0 with the negative sign in (84), and A > 0 with the positive
sign in (84), as well as vice versa – which are equivalent to each other. This
property comes from the time inversion symmetry, t → −t, contained in the
corresponding a(t) form, since from a˙ = aH follows that H → −H if a → a,
under the time inversion. Then, under this inversion, the left side of (82) leads
to:
f(H)−HfH = f(−H)−Hdf(−H)
dH
, (92)
which comes from the fact that T = −12H2. Therefore all f(T ) theories leading
to such solutions are even functions inH. This is an important property of cyclic
solutions with a symmetric a(t), since there must always exist two connected
branches in the dynamical analysis of a(H), as will be discussed later. The two
f(T ) actions for two different scenarios with c = 0.8 and c = 1 can seem rather
similar, but at the qualitative level the difference is considerable. The crucial
point is that the scenario with c = 1 is not a true cyclic Universe but at some
point the Hubble parameter becomes infinite, resulting in a future singularity,
while for c = 0.8 < 1 the scale factor undergoes a smooth transition between
eternally oscillating phases. This analytic results for f(T ) gravity will serve
as a guidance in deriving and analysing the cyclic behaviour in the context of
dynamical system analysis in f(T ) cosmology.
5.5 Dynamical system analysis in f(T ) cosmology
Generally, by exploring the f(T ) equations in cosmology with matter fields, it
follows that they appear as first order differential equations – since the energy
density and pressure contributions contain explicitly the scale factor as a vari-
able. Similar to already discussed dynamic dark energy models, cyclic solutions
are still possible in f(T ) cosmology, even if it represents only a first order differ-
ential system, by virtue of the existence of two connected branches of the phase
portrait. Thus the only equation needed is:
f(H)
4
− 1
4
H
df(H)
dH
= 4piρ(a), (93)
where the Hubble parameter is determined by:
a˙ = aH. (94)
The second equation
H˙ =
1
2
4piρ(a)(1 + w)
24H2fTT − fT = 12
4piρ(a)(1 + w)
fHH
. (95)
can also be obtained from the gravitational field equations, where the fact that
w = p/ρ was exploited. However, this equation is simply a time derivative
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of (93). By dividing equations (93) and (95) one can obtain a new resulting
equation
H˙ = 3(1 + w)
f −HfH
fHH
, (96)
which is a one dimensional differential system in terms of the Hubble paramter.
However, we will not inspect this equation as it does not contain the information
of the dynamics of the scale factor and the interplay between the scale factor
and the Hubble parameter – which is the crucial point in the whole story of the
cyclic cosmology. The simple reason for this is that the fixed point correspond-
ing to H˙ = 0 is not of primary importance in the cyclic evolution, but such
points are rather given by the minima and maxima of the scale factor, which
makes the equation (93) more appropriate for the analysis in such context.
The equation (93) is in fact directly determining a phase portrait of a(H).
Firstly we are interested in finding the extremal points of a(H), i.e. the points
at which the condition da/dH = 0 must be fulfilled. By differentiating equation
(93) with respect to a we get:
da
dH
= −16piHfHH
(dρ
da
)−1
= 0, (97)
which is fulfilled only ifH = 0 or fHH(H∗) = 0. As discussed earlier in detail, in
cyclic cosmology there must exist two points in time corresponding to minimum
and maximum of the scale factor – the bounce and the turnaround, which are
both characterized by H = 0. Therefore, while discussing cyclic cosmologies the
fixed points corresponding to H = 0 are of central interest. Going to the second
derivative we get:
d2a
dH2
= −16pi
(dρ
da
)−1(
fHH +HfHHH −HfHH da
dH
)
, (98)
where the last term is by definition zero in a fixed point. Since cyclic Universe
needs to have both minimum and maximum points of the scale factor at H = 0,
the right-hand side of the equation (98) needs to be both positive - at the time
of the cosmological bounce, and negative - at the time of turnaround. This
means that there should exist two different branches of f(H) function, and
having different signs of second derivative with respect to H at H = 0. This
can also be understood from equations (93) and (94) as those equations will
lead to different f(H) branches when H < 0 and H > 0. To conclude, we thus
have:
d2a
dH2
= −16pi
(dρ
da
)−1
fHH(0) > 0, (99)
at the bounce,
d2a
dH2
= −16pi
(dρ
da
)−1
fHH(0) < 0, (100)
at the turnaround.
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The similar logic can then also be applied for another fixed point, H∗:
d2a
dH2
= −16pi
(dρ
da
)−1
H∗fHHH(H∗) ≷ 0. (101)
It is thus obvious that there should exist two different solutions of f(H), where
each one must represent a different branch in the phase portrait with the prop-
erty:
f1HH(0) = −C1f2HH(0), (102)
or
H∗f1HHH(H∗) = −C2H∗f2HHH(H∗). (103)
where C1 and C2 are positive constants given by the specific model function
f(T ).
Let us assume that for some matter fields the energy density can be repre-
sented as ρ(a) ∼ 1/an, then the phase portrait can be written in the following
form:
a(H) = c −n
√
f −HfH , (104)
the extremal points are:
da
dH
=
HfHH
n
(f −HfH)− 1n−1 = 0, (105)
and the second derivative:
d2a
dH2
=
1
n
(f −HfH)− 1n−1(HfHHH + fHH). (106)
In this specific framework of matter fields (which assumes ρ(a) ∼ 1/an and
thus also covers the cases of matter and radiation described as the ideal fluid)
it appears that H = H∗ with the property f(H∗) = H∗fH(H∗) cannot be a
solution as the second derivative vanishes, but it will be demonstrated later that
this point has another physical meaning. The only fixed point in this scenario
is with H = 0. Then the condition (102) reads:
f1(0)
− 1n−1f1HH(0) = −C1f2(0)− 1n−1f2HH(0). (107)
To conclude, in the case of f(T ) gravity we can then establish the following
claim: if f(T ) is a differentiable function at T = 0, if a(t) is symmetric in the
expanding and contracting phase (i.e if by choosing the bounce as the origin of
time, tbounce = 0, a(t) = a(−t)) and if H∗ = 0 is a fixed point of the system then
there always exist a second branch of the f(T ) function which gives a symmetric
solution in the sense that these two functions are dynamically indistinguishable.
This claim can be proven by noting that if there exist a f(T )function for which
a(t) is an oscillatory solution of the modified Friedman equation in the f(T )
31
theory, than from (99) at the same point the f(T ) function must have a maxi-
mum and minimum. This can only be satisfied if there is another function f2(T )
satisfying the property given by (102). From the dynamical perspective those
functions are indistinguishable as they give the same a(t) as a solution, even if
the phase portraits are different.
5.5.1 Concrete examples and applications in f(T ) cosmology
As a starting point, the analytical solutions (89) and (109), corresponding to
solutions a(t) = A(1 + c sinωt), can be used to explore the consistency of the
dynamical system analysis. We will assume that we know nothing about the
solution of this system, the only information we are given is the concrete type
of the f(T ) or simply f(H) theory, in this case:
f+(H) = f1(H) =
1000
729A3
piρm
(
270H2 −
√
16− 9H2 (9H2 + 182)
− 594H arcsin 3H
4
+ 730
)
+ constH (108)
and the symmetric part
f−(H) = f2(H) =
1000
729A3
piρm
(
270H2 +
√
16− 9H2 (9H2 + 182)
+ 594H arcsin
3H
4
+ 730
)
+ constH, (109)
with A > 0, ρm > 0 and the matter field guided by the evolution with n = 3.
The first derivatives are:
f+H(H) =
1000piρm
27A3
√
16− 9H2
(
H
(
9H2 + 20
√
16− 9H2 − 16
)
− 22
√
16− 9H2 arcsin
(
3H
4
))
+ const, (110)
f−H(H) =
1000piρm
27A3
√
16− 9H2
(
H
(
− 9H2 + 20
√
16− 9H2 + 16
)
+ 22
√
16− 9H2 arcsin
(
3H
4
))
+ const, (111)
going to the second derivative:
f+HH(H) =
2000piρm
(
9H2 + 10
√
16− 9H2 − 41)
27A3
√
16− 9H2 . (112)
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f−HH(H) =
2000piρm
(−9H2 + 10√16− 9H2 + 41)
27A3
√
16− 9H2 , (113)
now, it is straightforwardly visible that the condition (107) is fulfilled:
f+HH(0) = −500piρm
27A3
∼ −f−HH(0) = −1500piρm
A3
. (114)
By improving the understanding of this problem let us plot the phase portrait
a(H) in Fig.(6). It is clear that the maximum and minimum are given at
a+(H)
a-(H)
-2 -1 1 2
H
0.5
1.0
1.5
a(H)
Figure 6: Phase portrait a(H) from (84) with parameters ω = 1, A = 1 and
c = 0.8.
H = 0, the turnaround points. However, the interesting detail is also given
by the interception point where a+ and a− are equal. This is achieved when
dH/da = 0 = dH/dta˙−1 or the point where H˙ = 0. Then from (96) follows the
condition:
f+(H
∗)−H∗f+H(H∗)
f+HH(H∗)
=
f−(H∗)−H∗f−H(H∗)
f−HH(H∗)
= 0, (115)
with H∗ = H(a∗), where a∗ satisfies dH(a∗)/da = 0. As it was pointed before,
H∗ is exactly the point where fHH(H∗)→∞ but f(H∗)−H∗fH(H∗) must be
constant (energy density at a specific H) with the property:
f+(H
∗)−H∗f+H(H∗) = f−(H∗)−H∗f−H(H∗) = 16piρ(H∗) = const., (116)
where H∗ is the point where a+ and a− meet each other. In this concrete
example from the second derivative in (112) and (113) follows H∗ = ±4/3, and
by combining equations (108)-(113) the conditions (115) and (116) are simple
to check.
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6 Discussion and conclusion
As there are still no direct empirical evidence, nor complete theories to properly
address the issue of the origin of the Universe, since general relativity blows-up
at the initial singularity it predicts, there are two open alternatives answering
this fundamental question. The first one simply assumes that the singularity
predicted by general relativity is not a pathological result of a theory which is
not properly suited for high-curvature and high-energy regimes of the very early
Universe, but a real physical beginning of our Universe. The second one, avoid-
ing the physical and philosophical problems of the singular beginning of the
Universe, assumes that the initial singularity will be removed in the full theory
of quantum gravity yet to be developed. Since the manifold observations have
confirmed that the Universe is not static but expanding, the alternative of the
eternal Universe needs to describe the Universe in which the present epoch of
expansion is resulting not from a singular beginning, but from a previous phase
of contraction. If this picture is extended to have a complete description of the
cosmological history, we naturally arrive at the paradigm of perpetually oscillat-
ing Universe. In the course of time many concrete models of cyclic and bouncing
cosmologies were developed assuming specific modifications of general relativity,
specific types of additional entities - like various scalar fields, or specific new
theoretical frameworks - like string theory. Many features of the proposed mod-
els strongly depend on these concrete (and often quite hypothetical) theoretical
assumptions on which they rest. It is therefore not straightforward to see which
properties describing the dynamics of these cyclic models are general and more
robust and which are just consequences of some potentially very specific and
hypothetical theoretical assumptions.
The objective of this work was to start the investigation of model-independent
and general dynamic properties of cyclic cosmological solutions. In other words,
we were interested in properties of oscillating solutions which are universal for
large classes of gravity theories. After a more general discussion in the first part
of the paper, the presented analysis was then implemented on several types
of modified gravity frameworks: f(R) gravity, dynamic dark energy and f(T )
gravity. Our interest in these types of theories in this paper comes from sev-
eral reasons: i) they come as a rather direct and conservative extension of the
standard general relativity (in the case of f(R) and f(T ) gravity - by a direct
generalization of the Lagrangian density), ii) because of the previous reason
these frameworks are very suitable as effective and toy-theory approaches to
quantum gravity (i.e. for the regimes where we expect that higher order correc-
tions in curvature, or alternatively torsion, will start to play a significant role),
iii) despite the fact that the physical extensions of the standard general relativ-
ity are minimal in such theories, at the same time they have a rich structure
and it is possible to develop various concrete models within them.
We started our analysis by reviewing the typical properties of spacetime ge-
ometries shared by different models of cyclic cosmologies. While doing so we
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proposed the analysis in the configuration space of a, H and R (which can be
suitably extended with other coordinates if required by the structure of field
equations) as a particularly convenient way of describing the evolution of the
cyclic Universe. It turns out that this approach was general enough for the
application in the cases of f(R), f(T ) and dynamic dark energy models. The
discussion in the later part of the paper was even simpler for some specific cases
of dynamic dark energy and for f(T ) cosmologies in general, due to the fact
that the field equations could be cast in the form of a one-dimensional system
of differential equations, thus making a and H sufficient variables for the com-
plete description of the phase space.
In order to obtain general and qualitative conclusions regarding the dynam-
ics of cyclic cosmologies, a very efficient approach is given by the analysis of the
fixed points of the system of equations guiding the cosmological dynamics. The
difficulty in applying the linear stability analysis in this type of problem comes
from the fact that we are interested in oscillating solutions, corresponding to
closed orbits in the phase plane – while fixed points associated to such solutions,
i.e. eliptic fixed points or centers, are not stable with respect to non-linear cor-
rections. We thus discussed how the linear stability analysis can be supported
by the two theorems regarding the existence of non-linear centers, in order to
be used in the analysis of cyclic cosmologies. We applied these theorems to
the cosmological context given by the equations (5)-(7) and demonstrated that
the centers found by the linear stability theory will be stable under non-linear
corrections if the symmetry condition, g(A,H,R) = −g(a,−H,R), is satisfied
in the case of symmetric cyclic cosmologies with respect to the bounce, or if the
conserved quantity, I(a,H,R), which we have introduced and discussed how to
construct in the same section, has a local extremum at the fixed point. These
results are of interest even in the case where the linear stability analysis is not
at all applicable, as can often happen in the modified cosmological equations
leading to the systems of three or more dimensions including eigenvalues of the
stability matrix with vanishing real parts. This is due to the fact that the ex-
istence of the extremal point of the conserved integral I(a,H,R) at the fixed
point of the system is sufficient to guarantee that the fixed point is stable.
After the general discussion in the first part of the paper, we have first fo-
cused on discussion of oscillatory solutions in f(R) gravity. We have obtained
the solutions to the eigenvalue problem for the linear stability analysis in general
f(R) theory, also discussing the form of the conserved integral I(a,H,R) and
the condition for its extremum. In order to analyse a typical example of cyclic
solutions in this type of gravity theories, we have numerically obtained a f(R)
function leading to a simple cyclic and non-singular form of a(t), H(t) and R(t)
and then approximated it with a power-law solution. We have then compared
the value of the scale factor corresponding to the fixed point of the system of
differential equations with the value of the scale factor at which the conserved
integral I(a,H,R) has an extremum – and found that those values are in an
excellent agreement. Furthermore, the oscillatory nature of the considered cos-
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mological solution was manifested in the imaginary eigenvalues of the stability
matrix for the linear analysis.
We have next discussed the application to dynamic dark energy models. We
have first considered how such problems can be cast in the form of the system
of differential equations (5)-(7), assuming that the cosmological term can be
written as Λ(a,R,H). Then the already discussed application of the theorem
on non-linear centers ensures that in such case a center at the point a = a∗,
H = 0 and R = 0 predicted by the linear theory will be sufficient to guaran-
tee the existence of a non-linear center, and thus symmetric cyclic cosmological
solutions sufficiently close to this point, if Λ(a,H,R) = Λ(a,−H,R). Next,
we discussed in detail the properties of cyclic models realized in a simple toy-
theory of dynamic dark energy given by Λ = Λ(a). It was discussed how it
is possible to realize oscillatory solutions in this setting, even though the cor-
responding system is only the first order differential system. The existence of
cyclic cosmological solutions is possible due to the existence of two branches
of solutions in the a′-a phase space, corresponding to the expansion (positive
branch) and contraction (negative branch). These branches need to connect
at two distinct fixed points of the modified Friedmann equation written in the
form: a′(t) = f(a), which correspond to the minimal and maximal value of the
scale factor. Under these requirements it is possible to have both the transition
from the contracting to the expanding phase (the bounce), and the transition
from the expanding to the contracting phase (the turnaround). We have fur-
ther discussed that, from the point of view of stability of these fixed points,
they need to behave as semi-stable fixed points, so that for the positive branch,
the phase points in the nearby region of the minimum of the scale factor are
repelled from that fixed point, while they need to be attracted towards it in the
case of the negative branch – and reverse being true for the second fixed point
at the maximum of a. Under these conditions, if the state of the contraction
is chosen as the initial condition of the evolution of the Universe, the Universe
will tend to turn from contraction into expansion in the course of its evolution,
while shortly after entering into the expanding phase it will tend to continue
the expansion and move away from the region of the phase space corresponding
to the contraction – until it approaches the second fixed point in future, lead-
ing to a new entering into the contraction phase. This configuration can thus
enable solutions which are perpetually oscillating between the contracting and
expanding phases of the cosmological evolution. After this general discussion,
we have demonstrated and confirmed our conclusions discussing several concrete
realizations of Λ(a) cosmologies. After this, we also considered an example of
Λ(R) cosmology, which can naturally be discussed from the perspective of f(R)
cosmology. We revisited the functional form reconstructed in our previous work
on cyclic cosmology in f(R) and demonstrated that at the fixed point of the
system the condition of the extremum of the conserved integral, I(a,H,R) is
satisfied. Further cases, including dynamic dark energy interacting with the
matter sector, as well as Λ(H) and Λ(a,H,R) models, should be addressed in
future studies.
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Finally, we have studied the possibility of cyclic solutions in f(T ) gravity. Here,
as already pointed out by earlier studies, the conditions for realization of bounce
and turnaround are mutually exclusive when investigated through the a-H func-
tional dependence. However, we have argued that this does not prevent the ex-
istence of oscillatory solutions due to the fact that the nature of this dependence
is in fact double-valued. Due to this, there will be two branches of the function
H(a) which both need to be included for the proper analysis of the phase plane,
and thus the dynamics of the Universe. One branch will contain the description
of the bounce and the other one of the turnaround. From the point of view of
f(T ) functional form this means that there will, for a single oscillatory solution
of a(t), exist two different branches of f(T ). Both of them lead to the same form
of cyclic a(t) when the modified Friedmann equation is solved, and they are in
this sense dynamically indistinguishable. However, to have a full description
of the phase portrait of the cyclic Universe both branches need to be included,
due to the already mentioned double-valued nature of a(H) dependence. We
have discussed this necessary properties of f(T ) cyclic cosmological solutions
both in general, where we derived various conditions that need to be satisfied in
order to have cyclic solutions, and also using concrete examples. We have first
reconstructed the f(T ) functional forms leading to cyclic solutions for vacuum
and matter radiation era, and then analysed their dynamics in the following
sections, thus confirming our general conclusions.
As both our theoretical and observational knowledge related to very strong
gravitational fields, necessary for the proper understanding of the origin of the
Universe, currently remains incomplete, we believe that a preferred research
program in the cosmology of the early Universe consists in investigating the
consequences of general types of theories which represent a minimal and logical
extension of currently tested general relativity, being suitable for effectively tak-
ing into account quantum corrections. Our aim in this paper was the application
of this research program to the problem of cyclic cosmology as an alternative
to the idea of a singular beginning of the Universe. We have demonstrated that
cyclic cosmological solutions naturally appear in such broad frameworks of mod-
ified gravity theories and analysed their general properties. In this sense, our
work is complementary with respect to most of earlier studies, which were fo-
cused on realizing a specific type of a cyclic cosmology within a concrete theory.
Such earlier approach has a clear disadvantage that it depends on the concrete,
mostly untested and hypothetically assumed ingredients and modifications of
gravity theory, and it is therefore not easy to see which properties of cyclic cos-
mologies are universal and which particular.
One of the necessary future steps in the further development of the described
research program of cyclic cosmology would be to focus on the detailed analysis
of the special class of viable cyclic models and their properties. This should
especially be oriented towards such frameworks where the ΛCDM phase can
be naturally incorporated within the cyclic evolution (see fig.2), and the sta-
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bility issues of the contracting phase can be solved. Furthermore, it would be
necessary to systematically confront generalized classes of cyclic models with
observations and predictions of standard cosmology. This could also be done in
a more general setting, as the theoretical analysis – like the one presented in
this work – could be used to obtain the corrections to the standard cosmology
supporting cyclic solutions. The parameters describing such corrections should
then be systematically confronted with the range of parameters allowed by the
available data.
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